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Very often the skyrmions form a triangular crystal in chiral magnets. Here we study the effect
of itinerant electrons on the structure of skyrmion crystal (SkX) on triangular lattice using Kondo
lattice model in the large coupling limit and treating the localized spins as classical vectors. To sim-
ulate the system, we employ hybrid Markov Chain Monte Carlo method (hMCMC) which includes
electron diagonalization in each MCMC update for classical spins. We present the low temperature
results for 12×12 system at electron density n = 1/3 which show a sudden jump in skyrmion number
when we increase the hopping strength of the itinerant electrons. We find that this high skyrmion
number SkX phase is stabilized by combined effects: lowering of density of states at electron filling
n = 1/3 and also pushing the bottom energy states further down. We show that these results hold
for larger system using travelling cluster variation of hMCMC. We expect that itinerant triangular
magnets might exhibit the possible transition between low density to high density SkX phases by
applying external pressure.
I. INTRODUCTION
Magnetic Skyrmions are topologically protected local
whirls of the spin configuration recenly observed in non-
centrosymmetric magnetic materials1,2, and thin films3.
These nanoscale spin textures are usually induced by chi-
ral interaction of the DzyaloshinskiiMoriya (DM) type4,5
and can be characterised by the topological number of-
ten called Skyrmion number which measures the wind-
ing of the normalized local magnetization. Topological
protection of magnetic skyrmion attracts scientists due
to its potential applications in information processing
and computing3,6 In particular, isolated mobile magnetic
skyrmions working as data carriers might in principle
be channelled to mechanically fixed reading/writing de-
vice, for instance by applying an electric field in a race-
track memory setup.7,8 But it is not easy to move the
skyrmions along the current due to the skyrmion Hall
effect9 induced by its nonzero topological number.
Not only in ferromagnets, but the skyrmions are
found in antiferromagnatic materials where Skyrmion are
formed as a pair of strongly coupled topological objects
corresponding to each sublattice. So, unlike the FM
counterpart, the Magnus force is cancelled by the op-
posing topological index of each sublattice. The absence
of Magnus force might be useful in current induced move-
ment of skyrmions10,11 in spintronics applications. Also,
the DM interaction which is essential in stabilizing the
skyrmion is more common in AF materials.
However, it is often found that the skyrmions arrange
themselves in triangular lattice structure called Skyrmion
crystal (SkX) which has been experimentally observed in
metallic ferromagnet MnSi1. The noncoplanar spin tex-
ture in the SkX is described by a superposition of three
non-equivalent helical spin density waves1,2,12, which of-
ten result due to the competition between the ferromag-
netic exchange and the DM interaction originating from
the spin-orbit coupling. In square lattice, the SkX is
stabilized by the competition of DM interaction and fer-
FIG. 1. (color online) Schematic of the model on triangular
lattice: unit vectors rˆij connecting sites i to j are used to de-
fine the DM interactions between spin Si and Sj . The indices
i, j, k... etc are used in anti-clockwise direction to calculate
the skyrmion number defined in eq. 4
romagnetic interaction along with the applied magnetic
field and thermal fluctuations. But not only FM interac-
tions, but also AFM interaction along with DM interac-
tions are shown to stabilize SkX when a magnetic field
is applied. For instance, a triangular lattice isotropic
Heisenberg model with strong FM near-neighbour and
weak AFM interaction has been shown to stabilize the
SkX13. More recently, it has been shown that pure AFM
classical Heisenberg spin model on frustrated triangular
lattice in a magnetic field and a small DM interaction
can stabilize SkX spin texture. This antiferomagnetic
skyrmion crystal (AF-SkX) consists of three interpene-
trating Skyrmion lattices (one by sublattice) SkX which
survives upto very low temperature14.
Most of the theoretical studies on skyrmions consider
spin only models. In this paper, we intend to study
the effect of itinerant electrons on the the structure of
SkX formed on frustrated lattice, e.g., on triangular lat-
tice described above. This active field of research is
2interesting because the conduction electrons coupled to
localized spins give rise to exotic multiple-Q magnetic
orders15–18, coupled spin-charge phases19–21. Interest-
ingly, the present author and collaborators find an elec-
tronic route to stabilize nanoscale spin texture in a trian-
gular lattice model with low density conduction electrons
Kondo coupled to localized magnetic moments22. Also,
very recently, a SkX with an unusually higher topological
number of two is found to be stabilized in itinerant tri-
angular lattice Kondo model with longer range electron
hopping23.
In this paper, we study the effect of itinerant electrons
on the structure of AF-SkX14 triangular lattice model
with classical spins using Kondo-Lattice model. To study
the ground state properties, we employ hybrid Markov
Chain Monte Carlo (hMCMC) which includes electron
diagonalization in each Monte Carlo update for classi-
cal spins. For electron density n = 1/3, we find that
the skyrmion number abruptly jumps to higher value
and slowly goes to zero when we increase the electron
hopping parameter. This is evident also from the real
space MCMC spin configuration for AF-SkX. The higher
skyrmion density is favoured because the system gains
energy by the reduction of electron density of states at
n = 1/3 and pushing the electronic states down.
The paper is organized as follows. We give the formal
definition of the model and methods we use to simulate
the system in Sec 2. In sec 3, the results are presented
and finally conclude in sec 4.
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FIG. 2. (color online) Skyrmion number as a funtion of elec-
tron hopping strength t0 with n = 1/3 electron filling. The
other parameters are J = 0.25, D = 0.125, B = 0.7
.
II. MODEL AND METHOD
We consider a spin model on triangular lattice on which
a certain parameter regime stabilizes the skyrmion crys-
tal (SkX). The Hamiltonian reads,
Hm = J
∑
〈ij〉
Si · Sj +D
∑
〈ij〉
rˆij · Si × Sj −B
∑
i
Szi (1)
where Si is the unimodular classical spin variable at site
i on triangular lattice as shown in Fig.??. The first and
last term in Eq.1 represent the classical Heisenberg inter-
action and external magnetic field term. The 2nd term
is DM coupling between two sites i and j with rˆij being a
unit vector pointing from i to j. Also, 〈ij〉 in the summa-
tion indicates nearest-neighbour (NN) interaction. This
classical spin model is known to give rise to SkX for cer-
tain parameter range and even at finite temperature14.
To study the effect of itinerant electrons on the struc-
ture of SkX, we couple each classical spins in Hm with
the quantum spin si of conduction electrons, just as in
Kondo lattice model. So the total Hamiltonian we would
be considering,
H = Hm +
∑
〈ij〉σ
(tijc
†
iσcjσ + h.c) + Jk
∑
i
Si · si (2)
Note that the localized classical spin at a site i tries to
align the electron spins at that site, giving the spin up
and down conduction bands separated by Kondo coupling
Jk. So, in large coupling limit, only one type of electrons
contribute to the low energy physics i.e., we can omit the
spin index σ and the Eq.2 becomes,
H = Hm +
∑
〈ij〉
(tijc
†
i cj + h.c) (3)
where the hopping of conduction electrons
gets modified as tij = t0[cos(θi/2)cos(θj/2 +
sin(θi/2)sin(θj/2)e
i(φi−φj)] from site i to j which
now depends on the orientation of localized spins at site
i and j defined by polar and azimuthal angle (θi, φi) and
(θj , φj) respectively.
We employ hMCMC method to simulate the systems.
This includes MCMC method for localized spins which
are treated as classical unit vector. But for each MCMC
updates of spin orientation, we need to calculate the elec-
tronic energy by diagonalizing the tij Hamiltonian matrix
and filling the energy states upto the number of electrons
defined by a given density n. We present the results for
n = 1/3, i.e., one electron per three sites. The time con-
suming diagonalization of tij matrix does not allow the
simulation for larger systems as we are usually capable
of handling in MCMC simulations. So, we first present
the results on a smaller 12 × 12 system which captures
the full characteristics of the results. We use simulated
annealing process i.e., our simulation starts at high tem-
peratures and slowly going down to very low temperature
T = 0.001 for which we present the results. Typically we
use 103 MCMC steps for equilibration at each temper-
ature and similar number for measurements of physical
quantities.
We also present the results on larger systems on
N × N = 24 × 24 using a variant of hMCMC method
3called travelling cluster approximation (TCA)24. The ba-
sic idea relies on the approximation that a MCMC update
for a spin at site i affects only the elements around that
site in tij hopping matrix. So, it is sensible to diagonalize
tij matrix for a clusterNc×Nc (withNc ≤ N) around site
i to calculate the electronic energy contribution, rather
than diagonalizing the Hamiltonian tij for whole system
N ×N . Only thing we need to remember that the elec-
tronic density for the cluster nc = n(Nc ×Nc)/(N ×N).
The cluster size could be increased to get the more accu-
rate results and of course cluster size Nc ×Nc = N ×N
gives the exact hMCMC results. We used cluster sizes
6 × 6 and 12 for simulations in 24× 24 systems and no-
tice a negligible finite size effect.
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FIG. 3. (color online) The real space spin configurations from
hMCMC simulation at t0 = 0.5: (a), (b) and (c) represent the
spin orientations for one of the three sublattice structures,
whereas (d) gives the combined spin configurations. The pa-
rameters for Hm are J = 0.25, D = 0.125, B = 0.7. The color
bar measures the z-components of spins.
III. RESULTS
As mentioned above, we study the spin Hamiltonian
in 1 on triangular lattice with localized spins interacting
with conduction electrons. This spin only model at low
temperature is known to give three sublattice SkX phase
for J = 0.25, D = 0.125 and B ∼ 0.5 to ∼ 1.6 when
spins are treated as classical vectors14. We chose the
parameters J = 0.25, D = 0.125, B = 0.7 to be in the
SkX phase and add the itinerant electrons Kondo coupled
to these classical spins to study it’s effect on the SkX
phase by changing the electron hopping strength t0.
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FIG. 4. (color online) The similar results for spin orientations
as in Fig.3, but for larger hopping strength t0 = 0.6.
1. Results for 12× 12 system
The simulation after adding the electrons to the sys-
tem becomes time consuming as compared to the usual
MCMC method for spin only systems. This is because
we now need to diagonalize the electronic Hamiltonian
in each MCMC update for spin orientations. So, larger
system simulation is almost impossible in this method of
hMCMC. Here we choose the system size to be 12×12 to
capture the basic results. For electron density n = 1/3,
we run the simulation for different electron hopping pa-
rameter t0 and keep track of how the SkX phase changes.
To identify the changes, we calculate the topological
charge i.e., skyrmion number by defining its discretized
version as14:
χQ =
1
4pi
〈∑
i
Ajki sign
(
χjki
)
+Amni sign (χ
mn
i )
〉
(4)
where χjki = Si.Sj×Sk is the local scaler chirality
which measures the volume created by three spins
at site i, j, k as indicated in Fig.1. Also, Ajki =
||(Sj − Si)x(Sk − Si)||/2 is the local area of the surface
spanned by three spins at site i, j, k. Here 〈. . . 〉 repre-
sents the MCMC average after thermal equilibration. As
we mentioned earlier, the AF-SkX phase on triangular
lattice forms on each of the three sublattices. So, we
compute the Skyrmion number on each sublattice i.e.,
the sites i, j, k run over one sublattice only.
Fig.2 shows how skyrmion number for each sublattice
varies in 12× 12 lattice system when we change the elec-
tron hopping term t0 at electron density n = 1/3 and
with paramters J = 0.25, D = 0.125, B = 0.7. For
smaller t0, the electrons seem to have very small effect
on SkX. So, we notice that skyrmion number remains
4constant to 1 which is evident from the real space spin
configuration at t0 = 0.5 as shown in Fig.3(a),(b),(c)
and (d) respectively for three different sublattices and
all together. But, with increasing t0, the effect of elec-
trons is to polarising the localized spins as the electron
hopping becomes the easiest if the neighbouring local-
ized spins are parallel. This process of electron mediated
ferromagnetic interaction between the localized spins is
called double exchange mechanism. This effect at large
t0 gives a FM spin configuration and eventually destroys
the SkX phase to give the skyrmion number gradually
going to zero as shown in Fig.2. But in the intermediate
t0 values, the itinerant electrons stabilize a SkX phase
with larger skyrmion number. The real space spin con-
figuration obtained from hMCMC simulations at t0 = 0.6
in this phase for different sublattices and all together is
shown in Fig.3(a),(b),(c) and (d) respectively. The tran-
sition from lower to higher skyrmion number phase seems
to be abrupt and then the skyrmion number gradually
decreases to zero as t0 is increased.
To understand this better, we looked at the density
of states D(E) for different values of t0 shown in Fig.5.
For smaller t0, D(E) forms a bit narrow electronic band.
As we increase t0, we notice that the lower energy states
get pushed down further and there is a reduction (more
prominent for 24 system as shown below) of density of
states corresponding to n = 1/3. In this configuration of
higher skyrmion number the electron gains more energy
and this helps lowering the total energy of the system.
So, the larger skyrmion density spin configuration gets
stabilized at intermediate t0.
We note that both the electrons hopping and magnetic
field have the similar spin polarising effect; thus decreas-
ing the skyrmion number and eventually destroying the
SkX phase at large t0 and larger B respectively. So, we
study the effect of B on the SkX phase at t0 = 0.6 with
larger skyrmion number. We find that the skyrmion num-
ber gradually decreases with increasing and decreasing B
with maximum skyrmion number at B ∼ 0.7 as shown in
Fig.6. This is why we choose to show the above results
for B = 0.7.
2. Results for 24× 24 system
To substantiate the findings, we now present the re-
sults for 24 × 24 system. This simulations is done by
using a variant of hMCMC method called TCA (men-
tioned above)24. We present the simulation results by
taking cluster size to be 6× 6. This has been checked to
give same results when we choose the cluster size 12×12.
As we mentioned earlier that the main time consuming
part of this kind of simulations is the diagonalization of
electronic Hamiltonian. So, we restrict us to limited num-
ber of measurements (∼ 100) which needs to diagonalize
the 576× 576 matrix Hamiltonian for electrons which is
the tij matrix size on 24× 24 system.
Fig.7(a) and (b) respectively show the skyrmion num-
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FIG. 5. (color online) The electronic density of states for
different values of t0. The other parameters are J = 0.25, D =
0.125, B = 0.7.
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FIG. 6. (color online) The skyrmion number for differ-
ent values of B at t0 = 0.6. The other parameters are
J = 0.25, D = 0.125.
ber and density of states for different t0. Again, we
choose the suitable magnetic field B = 0.7 which gives
the maximum skyrmion number. We notice the similar
behaviour of skyrmion number variation with hopping
strength t0 as in the case of 12× 12 systems. Smaller t0
does not affect the skyrmion structure with about three
skyrmions per sublattice which is consistent with the re-
sults for 12× 12 systems. But with increasing t0 further,
the skyrmion number jumps almost suddenly to higher
values and gradually decreases to zero due to the polaris-
ing effect of electrons on localized spins. Looking at the
density of states in (b), we see again the higher skyrmion
density is stabilized because it gains the electronic en-
ergy by pushing the electronic states down as well as the
reducing D(E) at n = 1/3 filling. The real space spin
configurations for t0 = 0.3 and t0 = 0.7 are shown in
Fig.8 and Fig.9 respectively.
5 0
 3
 6
 9
 12
0.3 0.6 0.9 1.2 1.5 1.8
(a)
χ Q
t0
0.0
0.3
0.6
-6 -4 -2  0  2  4
(b)
D
(E
)
E
t0=0.4
0.5
0.7
1.0
FIG. 7. (color online) The skyrmion number and density of
states for different t0. The other parameters are B = 0.7, J =
0.25, D = 0.125.
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FIG. 8. (color online) The real space spin configurations from
MCMC simulation at t0 = 0.3: (a), (b) and (c) represent
the spin orientations for one of the three sublattice structure,
whereas (d) gives the combined spin configurations. The pa-
rameters for Hm are J = 0.25, D = 0.125, B = 0.7. The color
bar measures the z-components of spins.
IV. CONCLUSIONS
In conclusion, we study the effect of the itinerant elec-
trons on the skyrmion crystal (SkX) phase on triangu-
lar lattice using Kondo lattice model in the large Kondo
coupling limit. We employ hybrid MCMC method which
treats the localized spins classically, but the electronic
Hamiltonian gets diagonalized to calculate the kinetic en-
ergy of the system for each MCMC step; thus limiting the
calculations to smaller system sizes. We start our sim-
ulation at higher temperature and slowly go to lowest
temperature (T ∼ 0.001) with about 103 MCMC steps
for each temperature for equilibration of the system and
similar number of measurement has been carried out.
Keeping the parameters J = 0.25, D = 0.125, B = 0.7
for magnetic Hamiltonian, we simulate a triangular lat-
tice 12×12 system with electron density n = 1/3 and for
different values of electron hopping strength t0. Smaller
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FIG. 9. (color online) The similar results for spin orientations
as in Fig.8, but for larger hopping t0 = 0.7.
t0 does not affect the SkX phase with about one skyrmion
per sublattice found in spin only model14. But with
increasing t0, the skyrmion number abruptly jumps to
three per sublattice which are consistent with the real
space spin configurations found in hMCMC simulations.
We show that the higher skyrmion density phase is stabi-
lized due to combined effect: reduction of electronic den-
sity of states at about n = 1/3 and pushing the bottom
electron energy states further down. With larger t0, the
electrons gain kinetic energy by mediating the ferromag-
netic interaction (double exchange mechanism) between
the localized spins. Thus we notice the skyrmion number
slowly decreases after the higher skyrmion density phase
and finally goes to zero at large t0. Using a variant of
hMCMC method called TCA24, we show that these re-
sults hold for larger 24× 24 systems. We speculate that
external pressure on itinerant triangular magnets might
show the possible transition between low density to high
density skyrmion crystal phases.
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